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Abstract
A generalized version of the Glauber–Klauder basic formula of quantum optics is shown to be valid
for any cyclic subnormal operator S whose adjoint has a rich point spectrum σp(S∗) (in the sense that
a semispectral measure of S vanishes on C \ σp(S∗)∗). It is exhibited that such operators always have
analytic models. The point spectrum of the adjoint of a subnormal operator which satisfies a generalized
version of the Glauber–Klauder formula is proved to be rich (in the above sense).
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1. Introduction
Since the celebrated paper by Cowen and Douglas [14] was published, bounded linear oper-
ators with rich point spectrum have attracted a growing interest (e.g. see [1,15,25,27,28,31,34,
54,55]). In particular, they have been intensively studied by researchers in the area of the invari-
ant subspace problem (e.g. see [10,11,16] where the notion of analytic co-kernel and analytic
✩ The work of the first author was supported by the Korea Research Foundation Grant funded by the Korean
Government (MOEHRD, Basic Research Promotion Fund) (KRF-2006-312-C00027). The work of the second author
was supported by the MNiSzW grant N201 026 32/1350.
* Corresponding author.
E-mail addresses: ibjung@knu.ac.kr (I.B. Jung), stochel@im.uj.edu.pl (J. Stochel).0022-1236/$ – see front matter © 2008 Elsevier Inc. All rights reserved.
doi:10.1016/j.jfa.2008.07.013
1798 I.B. Jung, J. Stochel / Journal of Functional Analysis 255 (2008) 1797–1816n-fold co-kernel appeared). On the other hand, in the theory of unbounded linear operators the
technique of decomposing operators (including selfadjoint ones) with respect to the so-called
generalized eigenvectors has turned out to be very useful [5,17,18,33]. A natural collection of
linear operators having rich point spectrum can be found in the class of adjoints of injective
weighted shifts (see [43] for bounded operators and [36] for unbounded ones). The celebrated
example of an unbounded weighted shift is the quantum creation operator a+ whose adjoint
a− (the so-called annihilation operator) has the complex plane C as its point spectrum. What is
more, a+ is a subnormal operator, and as such has an analytic model (see [4,42] for more details).
The creation operator plays an essential role in theoretical physics including quantum mechanics
and quantum optics (cf. [22–24,29,30,40,50]). The celebrated Glauber–Klauder basic formula of
quantum optics [30] is strongly related to the creation operator. It has been generalized to the
case of subnormal weighted shifts in [37]. In the present paper we show that an appropriate ver-
sion of the Glauber–Klauder formula is still valid for cyclic subnormal operators whose adjoints
have rich point spectrum (cf. Theorem 12). We also prove that if a subnormal operator satisfies
a generalized version of the Glauber–Klauder formula, then its adjoint has a rich point spectrum
(cf. Theorem 10).
Suppose that H is a separable complex Hilbert space with an orthonormal basis {en}∞n=0 and{wn}∞n=0 is a sequence of positive real numbers. Let W be a weighted shift in H with weights{wn}∞n=0, i.e. W is the linear operator in H defined on the linear span of {en}∞n=0 by Wen =
wnen+1 for all n  0. It is well known that W is closable (cf. [36]) and cyclic (see Section 6).
We write Δ(W) = {z ∈ C: |z| < ‖W‖} if W is bounded and Δ(W) = C otherwise. Recall that if
the weighted shift W is subnormal, then there exists a positive Borel measure μ on the complex
plane C (in general not unique) such that
〈
Wme0,W
ne0
〉=
∫
C
zmz¯n dμ(z), m,n = 0,1,2, . . . . (1)
The following result has been proved in [37] (to be consistent with the notations of Section 6, we
write h(z¯) instead of h(z)):
Theorem 1. (See [37, Theorem 4.1].) Let W be a subnormal weighted shift with weights {wn}∞n=0
and let μ be as in (1). If μ(C \Δ(W)) = 0, then
I =
∫
Δ(W)
Pz
∥∥h(z)∥∥2 dμ(z) (weak integral),
where I is the identity operator on H, Pz is the orthogonal projection of H onto the one-
dimensional space spanned by the vector h(z) = e0 +∑∞n=1(w0 . . .wn−1)−1z¯nen.
This means that {Pz: z ∈ Δ(W)} is a family of coherent projections with respect to the positive
Borel measure ‖h(z)‖2 dμ(z) (see [44] for more information on families of coherent projections).
We will see that the positive operator valued function F defined on Borel subsets X of Δ(W)
via F(X) = ∫
X
Pz‖h(z)‖2 dμ(z) (weak integral) is a semispectral measure of the subnormal
operator W (cf. Theorem 12). The aim of the present paper is to find out an appropriate class
of abstract subnormal operators for which the above result can be appropriately formulated and
I.B. Jung, J. Stochel / Journal of Functional Analysis 255 (2008) 1797–1816 1799proved. We will also investigate the relationship between semispectral measures of subnormal
operators and families of coherent projections or rather their far-reaching generalizations.
2. Preliminaries
Throughout what follows, H stands for a complex Hilbert space. Denote by B(H) the
C∗-algebra of all bounded linear operators on H, and by IH the identity operator on H. Given a
linear operator A in H, we denote by D(A), N(A), R(A), A∗, σp(A) and σ(A) the domain, the
kernel, the range, the adjoint, the point spectrum and the spectrum of A, respectively. It is not
true in general that σp(A) is a Borel subset of C even though H is separable. Here is a simple
example.
Example 2. Let {en}∞n=0 be an orthonormal basis of H and {an}∞n=0 be a sequence of posi-
tive real numbers such that limn→∞ a1/nn = 0. Then the function φ :C → H given by φ(z) =∑∞
n=0 anznen for z ∈ C is an entire vector-valued function. Using the uniqueness theorem
for power series and the Vandermonde determinant, we show that linφ(C), the linear span
of φ(C), is dense in H, and φ(C) is a set of linearly independent vectors (thus φ is injec-
tive and φ(C) ⊂ H \ {0}). Let Y be a subset of C of cardinality c which is not Borel (or not
Lebesgue) measurable, cf. [41, Sections 2.21 and 2.22]. Consider any surjection Φ :φ(C) → Y .
It is easily seen that the linear operator A : linφ(C) → H determined by the requirement that
Aφ(z) = Φ(φ(z))φ(z) for all z ∈ C is densely defined and σp(A) = Y .
The above example has some disadvantage, namely the operator A seems to be not closable
(this is the case for some choices of parameters Y and Φ). This leaves the following question
open:
Question. Is σp(A) a Borel measurable set for every closed densely defined linear operator A in
a Hilbert space?
If A is a cyclic linear operator in H, then σp(A∗) is Borel measurable (cf. [48]).
Let B(C) stand for the σ -algebra of all Borel subsets of the complex plane C. We say that a
mapping F :B(C) → B(H) is a semispectral measure if 〈F(·)f,f 〉 is a positive Borel measure
for every f ∈H, and F(C) = IH. Since all the Borel measures 〈F(·)f,f 〉, f ∈H, being finite
are automatically regular (cf. [41, Theorem 2.18]), the closed support suppF of F always exists
(suppF = the complement of the largest open set of F -measure 0). A semispectral measure
E :B(C) → B(H) is said to be a spectral measure if E(X) is an orthogonal projection for every
X ∈ B(C). The Naimark dilation theorem (cf. [35,38]) states that for each semispectral measure
F :B(C) → B(H) there exists a complex Hilbert space K ⊇ H (isometric embedding) and a
spectral measure E :B(C) → B(K) such that
F(X) = PE(X)|H, X ∈ B(C),
where P ∈ B(K) is the orthogonal projection of K onto H. Such E is called a spectral dilation
of F ; if moreover K =∨X∈B(C) E(X)H, then E is called a minimal spectral dilation of F . It
is well known that any two minimal spectral dilations Ej :B(C) → B(Kj ), j = 1,2, of a semi-
spectral measure F :B(C) → B(H) are H-unitarily equivalent, which means that there exists a
(unique) unitary operator U :K1 →K2 such that U |H = IH and UE1 = E2U .
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by B∗(C) the collection of all sets X ⊆ C for which there exist sets Y,Z ∈ B(C) such that
Y ⊆ X ⊆ Z and F(Z \ Y) = 0, and define F ∗(X) = F(Y ) in this situation. Then B∗(C) is a
σ -algebra, and F ∗ :B∗(C) → B(H) is a semispectral measure on B∗(C). Note that B∗(C) is
the intersection of all completions of B(C) with respect to positive Borel measures 〈F(·)f,f 〉,
f ∈H. Clearly, if F is a spectral measure, then so is its completion.
A densely defined linear operator S in H is said to be subnormal if there exists a complex
Hilbert space K⊇H (isometric embedding) and a normal operator N in K such that S ⊆ N , i.e.
D(S) ⊆ D(N) and Sf = Nf for every f ∈ D(S). Such N is called a normal extension of S; if
moreover K is the only closed linear subspace of K containing H and reducing N , then N is
called a minimal normal extension of spectral type of S. Recall that a normal extension N of a
subnormal operator S is minimal of spectral type if and only if
K=
∨
X∈B(C)
E(X)H, (2)
where E is the spectral measure of N . According to [48], every subnormal operator has a min-
imal normal extension of spectral type. However, contrary to the bounded case, an unbounded
subnormal operator may have many minimal normal extensions of spectral type which are not
unitarily equivalent; in fact, their spectra may happen to be disjoint (cf. [48, Example 1] and [52];
see also [48] and [45, Proposition 5.2] for criteria on H-unitary equivalence).
3. Semispectral measures of subnormal operators
Let F :B(C) → B(H) be a semispectral measure. We say that F is a semispectral measure
of a subnormal operator S that acts in H if a minimal spectral dilation E of F is the spectral
measure of a normal extension of S. Clearly then N := ∫
C
zE(dz) is a minimal normal extension
of spectral type of S. The above definition is independent of the choice of a minimal spectral
dilation of F , cf. Proposition 5. Recall that F is a semispectral measure of a subnormal operator
S if and only if (cf. [9,17])
〈
Smf,Sng
〉=
∫
C
zmz¯n
〈
F(dz)f, g
〉
, f, g ∈ D(S), m,n ∈ {0,1}. (3)
Proposition 3. If F :B(C) → B(H) is a semispectral measure of a subnormal operator S, then
for all integers m,n 0
〈
Smf,Sng
〉=
∫
C
zmz¯n
〈
F(dz)f, g
〉
, f ∈ D(Sm), g ∈ D(Sn). (4)
Proof. Let E :B(C) → B(K) be a minimal spectral dilation of F . Since N := ∫
C
zE(dz) is a
normal extension of S, we infer from [49, Lemma 17] that
〈
Smf,Sng
〉= 〈Nmf,Nng〉
=
〈∫
zmE(dz)f,
∫
znE(dz)g
〉C C
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∫
C
zmz¯n
〈
E(dz)f, g
〉
=
∫
C
zmz¯n
〈
F(dz)f, g
〉
, f ∈ D(Sm), g ∈ D(Sn),
which completes the proof. 
Note that a semispectral measure of a bounded subnormal operator is unique. This is guaran-
teed by the fact that the growth of complex moment sequences appearing on the right-hand side
of (4) is of polynomial type (cf. [21,51]). The uniqueness can also be achieved in a more general
situation when the operator S has a dense set of analytic vectors (apply [46, Theorem 12] to (4)).
For the sake of self-containedness, we include the proofs of the following properties of semis-
pectral measures of subnormal operators (compare with [45] and [12, Lemma 3]; see also [26,
Theorem 4.4] and [32] for the property (iii)).
Proposition 4. Let S be a subnormal operator in H, N be a normal extension of S acting in
a complex Hilbert space K and E be the spectral measure of N . Denote by P the orthogonal
projection of K onto H and set F = PE|H. Then
(i) F is a semispectral measure of S,
(ii) N is a minimal normal extension of spectral type of S if and only if E is a minimal spectral
dilation of F ,
(iii) if N is a minimal normal extension of spectral type of S, then F  E  F and suppF =
suppE = σ(N).
Proof. (i) Note that the space Km := ∨X∈B(C) E(X)H contains H and reduces E. Plainly,
Em := E|Km is a minimal spectral dilation of F and
∫
C
zEm(dz) = N |Km is a normal extension
of S.
(ii) This is evident due to the previous paragraph and the fact that Km reduces N to a minimal
normal extension of spectral type of S.
(iii) We need only justify the mutual absolute continuity of F and E. Take U ∈ B(C). If
E(U) = 0, then evidently F(U) = 0. Conversely, if F(U) = 0, then for all f,g ∈H and X,Y ∈
B(C)
〈
E(U)E(X)f,E(Y )g
〉= 〈E(Y ∩U ∩X)f,g〉= 〈F(Y ∩U ∩X)f,g〉= 0. (5)
Since N is minimal of spectral type, we deduce from (2) and (5) that E(U) = 0. This completes
the proof. 
In view of Proposition 4 and [48, Example 1], one can construct a subnormal operator which
has two semispectral measures with disjoint closed supports.
Proposition 5. Let S be a subnormal operator in H. If Nj is a minimal normal extension of
spectral type of S acting in a Hilbert space Kj , Ej is the spectral measure of Nj and Pj is the
orthogonal projection of Kj onto H, where j = 1,2, then P1E1|H = P2E2|H if and only if N1
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UN1 = N2U and U |H = IH).
Proof. Since, by (2), Ej is a minimal spectral dilation of Fj := PjEj |H for j = 1,2, we verify
that F1 = F2 if and only if E1 and E2 are H-unitarily equivalent (cf. [35, Theorem 6.4]). This is
easily seen to be equivalent to H-unitary equivalence of N1 and N2. 
Corollary 6. Let S be a subnormal operator inH. Denote by FS the class of all minimal normal
extensions of spectral type of S. Let FS/ ∼ be the set of all equivalence classes [N ]∼ in FS with
respect to H-unitary equivalence. Then the mapping [N ]∼ → PE|H, where E is the spectral
measure of N , is a well-defined bijection between FS/ ∼ and the set of all semispectral measures
of S.
4. Weak Radon–Nikodym derivatives
Let F :B(C) → B(H) be a semispectral measure and ν be a σ -finite positive Borel measure
on C such that F  ν (i.e. F(X) = 0 whenever X ∈ B(C) and ν(X) = 0). We say that an
operator valued function P :C → B(H) is a weak Radon–Nikodym derivative of F with respect
to ν if P is weakly Borel measurable, i.e. 〈P(·)f, g〉 is Borel measurable for all f,g ∈H, and1
〈
F(X)f,g
〉=
∫
X
〈
P(z)f,g
〉
dν(z), X ∈ B(C), f, g ∈H. (6)
IfH is separable, then P(z) 0 for ν-a.e. z ∈ C (read: for ν-almost every z ∈ C); moreover, such
a P is uniquely determined up to the equivalence relation2 “a.e. [ν]” (read: almost everywhere
with respect to ν). Any such function will be denoted by dF/dν. It is clear that if dF/dν exists
and the measure ν is absolutely continuous with respect to a σ -finite positive Borel measure ρ
on C, then dF/dρ exists and
dF
dρ
= dν
dρ
· dF
dν
a.e. [ρ]. (7)
We now state some properties of weak Radon–Nikodym derivatives.
Lemma 7. Let F :B(C) → B(H) be a semispectral measure and ν be a σ -finite positive Borel
measure on C. Assume that H is separable and the weak Radon–Nikodym derivative dF/dν
exists. Set XF = {z ∈ C: (dF/dν)(z) = 0}. Then
(i) XF ∈ B(C) and F(C \XF ) = 0,
(ii) F  νF  F , where νF (X) := ν(X ∩XF ) for X ∈ B(C),
(iii) the weak Radon–Nikodym derivative dF/dνF exists and
dF/dνF = dF/dν a.e. [νF ].
1 We tacitly assume that all the functions under the integral sign are absolutely integrable.
2 If H is not separable, this is no longer true.
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the set C \ XF is Borel and, by (6), 〈F(C \ XF )f,f 〉 = 0 for all f ∈ H. As a consequence,
F(C \XF ) = 0.
(ii) If X ∈ B(C) and ν(X ∩ XF ) = 0, then (6) and (i) imply that F(X ∩ XF ) = 0 = F(X ∩
(C \ XF )), and so F(X) = 0. This shows that F  νF . In turn, if X ∈ B(C) and F(X) = 0,
then (6) and the fact that P  0 a.e. [ν] yield the equality ν(X ∩ {z ∈ C: 〈P(z)f,f 〉 = 0}) = 0
for all f ∈H. Since
XF =
⋃
f∈Q
{
z ∈ C: 〈P(z)f,f 〉 = 0},
where Q is a countable dense subset of H, we conclude that ν(X ∩XF ) = 0.
(iii) It follows from (i) and (6) that F(X) = F(X ∩ XF ) =
∫
X
P dνF for every X ∈ B(C).
This completes the proof. 
Lemma 8. If ν is a positive Borel measure on C, P :C → B(H) is weakly Borel measurable,
P(z) 0 for ν-a.e. z ∈ C and
〈f,g〉 =
∫
C
〈
P(z)f,g
〉
dν(z), f, g ∈H, (8)
then there exists a unique semispectral measure F :B(C) → B(H) satisfying (6).
Proof. For X ∈ B(C), we define ΨX :H→ [0,∞) by
ΨX(f ) =
∫
X
〈
P(z)f,f
〉
dν(z), f ∈H.
Since Ψ satisfies the parallelogram identity and
ΨX(f ) ΨC(f )
(8)= ‖f ‖2, f ∈H,
we see that ΨX is a bounded positive quadratic form onH. This implies that there exists a unique
positive operator F(X) ∈ B(H) such that 〈F(X)f,f 〉 = ΨX(f ) for all f ∈H. An application of
the polarization formula completes the proof. 
In what follows, by a Radon measure on C we mean a positive Borel measure on C which
is finite on compact subsets of C. Any Radon measure ν on C is σ -finite and regular (cf. [41,
Theorem 2.18]) and, as such, has the closed support which we denote by suppν.
Lemma 9. Suppose that ν is a Radon measure on C, φ is a complex Borel function on C and U
is a relatively open nonempty subset of suppν. If ∫
U
|φ|dν < ∞ and φ is continuous on U , then
lim
n→∞
1
ν(Δw,n)
∫
Δw,n
φ dν = φ(w), w ∈ U,
where Δw,n := {z ∈ C: |z −w| < 1/n} for every integer n 1.
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there exists an integer n0  1 such that for all integers n n0, Δw,n ∩ suppν ⊆ U and |φ(z) −
φ(w)| 	 for every z ∈ Δw,n ∩ suppν. This implies that for all integers n n0
∣∣∣∣ 1ν(Δw,n)
∫
Δw,n
φ dν − φ(w)
∣∣∣∣=
∣∣∣∣ 1ν(Δw,n)
∫
Δw,n∩suppν
(
φ(z)− φ(w))dν(z)
∣∣∣∣ 	.
Note that w ∈ U ⊆ suppν guarantees that ν(Δw,n) > 0 for every integer n 1. 
5. Radon–Nikodym derivatives and the point spectrum
Theorem 10. Let S be a subnormal operator in a separable complex Hilbert space H. Assume
that S has a semispectral measure F which is absolutely continuous with respect to a σ -finite
positive Borel measure ν on C and that the weak Radon–Nikodym derivative dF/dν exists. Then
(i) R((dF/dν)(z)) ⊆ N(S∗ − z¯IH) for ν-a.e. z ∈ C,
(ii) F ∗(C \ σp(S∗)∗) = 0, where σp(S∗)∗ := {z ∈ C: z¯ ∈ σp(S∗)}.
Moreover, if ν is a Radon measure and dF/dν is weakly continuous on a relatively open
nonempty subset U of suppν, then
(iii) R((dF/dν)(z)) ⊆ N(S∗ − z¯IH) for every z ∈ U ,
(iv) the set {z ∈ U : (dF/dν)(z) = 0} is relatively open in suppν and contained in σp(S∗)∗.
Proof. Put P(z) = (dF/dν)(z) for z ∈ C.
(i) Note first that there is no loss of generality in assuming that ν is a probability Borel measure
on C (apply (7) and the fact that each σ -finite positive measure is mutually absolutely continuous
with respect to some probability measure). Let E be a minimal spectral dilation of F . Since F
is a semispectral measure of S, the operator N := ∫
C
zE(dz) is a normal extension of S. As the
Hilbert space H⊕H is separable, there exists a countable subset Q of D(S) such that
the set
{
(f,Sf ): f ∈ Q} is dense in the graph of S. (9)
We now show that
∫
C
∣∣z¯〈P(z)f,f 〉∣∣dν(z) < ∞, f ∈ D(S). (10)
Indeed, we infer from the inclusion D(S) ⊆ D(N)∩H that for all f ∈ D(S)
∫
C
|z|2〈P(z)f,f 〉dν(z) (6)=
∫
C
|z|2〈F(dz)f,f 〉=
∫
C
|z|2〈E(dz)f,f 〉< ∞,
which implies that
∫
|z|>1 |z|〈P(z)f,f 〉dν(z) < ∞ for all f ∈ D(S). On the other hand, (6) leads
to
∫ |z|〈P(z)f,f 〉dν(z) < ∞ for all f ∈H. Both inequalities together give (10).|z|1
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lary 2.23]) guarantees that there exists a Borel set Y ⊆ suppν such that ν(C \ Y) = 0 and
lim
n→∞
1
ν(Δw,n)
∫
Δw,n
〈
P(z)f,Sf
〉
dν(z) = 〈P(w)f,Sf 〉, f ∈ Q, w ∈ Y, (11)
lim
n→∞
1
ν(Δw,n)
∫
Δw,n
z¯
〈
P(z)f,f
〉
dν(z) = w¯〈P(w)f,f 〉, f ∈ Q, w ∈ Y, (12)
where Δw,n := {z ∈ C: |z−w| < 1/n} for every integer n 1. As a consequence, we obtain that
for all f ∈ Q and w ∈ Y ,
〈
P(w)f,Sf
〉 (11)= lim
n→∞
1
ν(Δw,n)
∫
Δw,n
〈
P(z)f,Sf
〉
dν(z)
(6)= lim
n→∞
1
ν(Δw,n)
〈
F(Δw,n)f,Sf
〉
= lim
n→∞
1
ν(Δw,n)
〈
E(Δw,n)f,Nf
〉
= lim
n→∞
1
ν(Δw,n)
〈
N∗E(Δw,n)f,f
〉
= lim
n→∞
1
ν(Δw,n)
〈 ∫
Δw,n
z¯E(dz)f,f
〉
= lim
n→∞
1
ν(Δw,n)
∫
Δw,n
z¯
〈
E(dz)f,f
〉
= lim
n→∞
1
ν(Δw,n)
∫
Δw,n
z¯
〈
F(dz)f,f
〉
(6)= lim
n→∞
1
ν(Δw,n)
∫
Δw,n
z¯
〈
P(z)f,f
〉
dν(z)
(12)= w¯〈P(w)f,f 〉. (13)
In (13) above, we have used the fact that R(E(X)) ⊆ D(N∗) and N∗E(X) = ∫
X
z¯E(dz) for all
bounded Borel subsets X of C (cf. [8]). Summarizing, we have proved that
〈
P(z)f,Sf
〉= z¯〈P(z)f,f 〉, f ∈ Q, z ∈ Y. (14)
Combining (14) with (9), we first extend (14) to all vectors f ∈ D(S), and then, by the polariza-
tion formula and the density of D(S) in H, we obtain
〈
P(z)f,Sg
〉= z¯〈P(z)f,g〉, f ∈H, g ∈ D(S), z ∈ Y.
1806 I.B. Jung, J. Stochel / Journal of Functional Analysis 255 (2008) 1797–1816This implies that R(P (z)) ⊆ D(S∗) and S∗P(z) = z¯P (z) for all z ∈ Y , which completes the
proof of (i).
(ii) By Lemma 7, Y := {z ∈ C: P(z) = 0} ∈ B(C) and F(Y ) = 0. Owing to (i) and F  ν,
we can enlarge Y if necessary so that still F(Y ) = 0, and {0} R(P (z)) ⊆ N(S∗ − z¯IH) for all
z ∈ C \ Y . Hence C \ σp(S∗)∗ ⊆ Y , which implies (ii).
(iii) & (iv) Since dF/dν is weakly continuous on the relatively open subset U of suppν and
U1 :=
{
z ∈ U : (dF/dν)(z) = 0}= ⋃
f∈H
{
z ∈ U : 〈(dF/dν)(z)f,f 〉 = 0},
we see that U1 is relatively open in suppν. Next, arguing as in the proof of (i) and using Lemma 9
instead of the Lebesgue–Besicovitch differentiation theorem, we get the proof of the “moreover”
part. 
Corollary 11. Let S be a subnormal operator in a separable complex Hilbert space H. Assume
that S has a semispectral measure F which is absolutely continuous with respect to a σ -finite
positive Borel measure ν on C and that the weak Radon–Nikodym derivative dF/dν exists. Then
the following assertions hold:
(i) if z is an atom of ν (e.g. if z is an isolated point of suppν), then
R((dF/dν)(z))⊆ N(S∗ − z¯IH),
(ii) if E is a minimal spectral dilation of F and N := ∫
C
zE(dz), then N is a minimal normal
extension of spectral type of S such that
σ(N) = σ(N)∩ σp(S∗)∗.
Proof. (i) Apply Theorem 10(i).
(ii) Suppose that, contrary to our claim, σ(N)∩ σp(S∗)∗  σ(N). Take z0 ∈ σ(N) \
σ(N)∩ σp(S∗)∗. Then there exists an open neighborhood U of z0 such that U ∩ σ(N) ∩
σp(S
∗)∗ = ∅. This implies that
U ∩ σ(N) ⊆ σ(N) \ σp(S∗)∗. (15)
Since z0 ∈ σ(N) = suppF (see Proposition 4), we infer from Theorem 10 that
0 = F(U) = F (U ∩ σ(N)) (15) F ∗(σ(N) \ σp(S∗)∗) F ∗(C \ σp(S∗)∗)= 0,
which is a contradiction. 
It may happen that a minimal spectral dilation of a semispectral measure F of a subnormal
operator S does not have a weak Radon–Nikodym derivative with respect to ν, though F does
(cf. Example 16).
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In this section H is assumed to be an infinite-dimensional separable complex Hilbert space.
Let S be a cyclic operator in H with a cyclic vector f0, which means that S is a densely defined
linear operator in H, f0 ∈⋂∞n=0 D(Sn) and D(S) = lin{Snf0: n  0}. Then, by [48, Proposi-
tion 6], a complex number z belongs to σp(S∗)∗ if and only if there exists a (unique) vector
h(z) ∈H such that
p(z) = 〈p(S)f0, h(z)〉, p ∈ C[z], (16)
where C[z] stands for the ring of all polynomials in indeterminate z with complex coefficients;
the vector h(z) can be described as follows:
h(z) =
∞∑
n=0
rn(z)en, z ∈ σp(S∗)∗, (17)
where {en}∞n=0 is an orthonormal basis ofH and r = {rn}∞n=0 ⊆ C[z] is a sequence of polynomials
such that en = rn(S)f0 for all n 0 (cf. [48, p. 119]). By [48, Lemma 2 and Proposition 6], for
every z ∈ σp(S∗)∗, h(z) ∈ N(S∗ − z¯IH) and dimN(S∗ − z¯IH) = 1. Following [48, Remark 2],
we write
Kr(z,w) =
∞∑
n=0
rn(z)rn(w), z,w ∈ σp(S∗)∗. (18)
The kernel Kr is independent of the choice of r , because Kr(z,w) = 〈h(z),h(w)〉 for all z,w ∈
σp(S
∗)∗. It is also independent of the choice of a cyclic vector f0 of norm one (this follows
from (16) and [48, Lemma 1]). This means that the kernel Kr is uniquely determined up to a
positive factor by the operator S. If σp(S∗)∗ = ∅, then the kernel Kr is positive definite. Denote
byHr the reproducing kernel Hilbert space induced by Kr . The above discussion allows us to call
Kr a reproducing kernel of S. Let ‖ · ‖Hr stand for the norm of Hr . By [48, Theorem 6], there
exists a unique partial isometry Ur :H→ Hr with the initial space (lin{h(z): z ∈ σp(S∗)∗})−
and the final spaceHr such that UrS = MzUr , where Mz is the operator of multiplication by the
independent variable z in Hr with D(Mz) = {p|σp(S∗)∗ : p ∈ C[z]}. If the operator Ur is unitary
(equivalently: the only vector inH orthogonal to each h(z), z ∈ σp(S∗)∗, is the zero vector), then
we say that S has an analytic model. If this is the case, then S is unitarily equivalent (via Ur )
to Mz.
According to [47, Proposition 3], the cyclic operator S is subnormal if and only if there exists
(in general not unique) a positive Borel measure μ on C, called a representing measure of S,
such that
〈
Smf0, S
nf0
〉=
∫
C
zmz¯n dμ(z), m,n = 0,1,2, . . . , (19)
where f0 is the cyclic vector of S. For such μ, we denote by P 2(μ) the closure of C[z] in L2(μ).
It follows from (19) that there exists a unique unitary operator Vμ :H→ P 2(μ) such that
Vμ
(
p(S)f0
)= p, p ∈ C[z]. (20)
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P 2(μ) with D(Sμ) = C[z]/a.e. [μ]. The operator Mμ of multiplication by the independent vari-
able z in L2(μ) with D(Mμ) = L2((1 + |z|2)dμ(z)) is a minimal normal extension of spectral
type of Sμ (cf. [48, Theorem 5]). Moreover, the spectral measure Eμ of Mμ is given by
Eμ(X)f = χX · f, f ∈ L2(μ), X ∈ B(C). (21)
Therefore Fμ := PμEμ|P 2(μ) is a semispectral measure of Sμ, where Pμ is the orthogonal pro-
jection of L2(μ) onto P 2(μ) (cf. Proposition 4). It is easily seen that Eμ  μ  Eμ, which,
together with Proposition 4(iii), leads to
the measures Fμ,Eμ and μ are mutually absolutely continuous, and
suppFμ = suppEμ = suppμ. (22)
We now generalize Theorem 1 to the case of cyclic subnormal operators.
Theorem 12. Let S be a cyclic subnormal operator in an infinite-dimensional complex Hilbert
space H. Suppose that S has a representing measure μ such that
μ
(
C \ σp(S∗)∗
)= 0. (23)
Then the following assertions hold:
(i) σp(S∗)∗ is a nonempty Borel subset of C, and h(z) = 0 for all z ∈ σp(S∗)∗,
(ii) the operator S has an analytic model,
(iii) if Pz is the orthogonal projection of H onto N(S∗ − z¯IH), then z → Pz is a weakly Borel
measurable function on C and F :B(C) → B(H) given by
〈
F(X)f,g
〉=
∫
X∩σp(S∗)∗
〈Pzf,g〉
∥∥h(z)∥∥2 dμ(z), X ∈ B(C), f, g ∈H, (24)
is a semispectral measure of S,
(iv) (dF/dμ)(z) is equal to ‖h(z)‖2Pz if z ∈ σp(S∗)∗ and 0 otherwise,
(v) F(X) = V −1μ Fμ(X)Vμ for all X ∈ B(C),
(vi) F  μ  F and suppF = suppμ.
Proof. Set
fˆ (z) = 〈f,h(z)〉, f ∈H, z ∈ σp(S∗)∗.
In view of the proof of [48, Theorem 6], we have
Urf = fˆ , f ∈H. (25)
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then by (23) μ would be the zero measure, which would contradict (19). Substituting p ≡ 1
into (16), we see tat h(z) = 0 for all z ∈ σp(S∗)∗.
(ii) First, we show that (compare with [48, Proposition 9])
Vμf = fˆ a.e. [μ] on σp(S∗)∗, f ∈H. (26)
Indeed, if f ∈H, then there exists {pn}∞n=1 ⊆ C[z] such that pn → Vμf in L2(μ). Passing to
a subsequence if necessary, we can assume without loss of generality that pn(z) → (Vμf )(z)
for μ-a.e. z ∈ C. By (23), there exists a Borel set Ω ⊆ σp(S∗)∗ such that μ(C \ Ω) = 0 and
pn(z) → (Vμf )(z) for every z ∈ Ω . Hence
fˆ (z) = 〈f,h(z)〉 (20)= 〈 lim
n→∞pn(S)f0, h(z)
〉
(16)= lim
n→∞pn(z) = (Vμf )(z), z ∈ Ω,
which proves (26).
If f ∈ H is such that fˆ (z) = 0 for every z ∈ σp(S∗)∗, then (23) and (26) lead to Vμf = 0
a.e. [μ]. As Vμ is unitary, we get f = 0. Hence S has an analytic model.
(iii)–(vi) It follows from (23) and (26) that for all f,g ∈H
〈f,g〉 = 〈Vμf,Vμg〉 =
∫
σp(S∗)∗
VμfVμg dμ =
∫
σp(S∗)∗
fˆ (z)gˆ(z)dμ(z). (27)
Since h(z) = 0 and N(S∗ − z¯IH) = C · h(z) for all z ∈ σp(S∗)∗, we see that
Pzf = fˆ (z)‖h(z)‖2 h(z), f ∈H, z ∈ σp(S
∗)∗,
which yields
〈Pzf,g〉 = fˆ (z)gˆ(z)‖h(z)‖2 , f, g ∈H, z ∈ σp(S
∗)∗. (28)
According to (17), the functions z → ‖h(z)‖2 and z → fˆ (z), f ∈H, are Borel measurable on
σp(S
∗)∗. By (28) and (i), this implies that the function z → Pz is weakly Borel measurable on C.
Combining (27) and (28), we obtain
〈f,g〉 =
∫
σp(S∗)∗
〈Pzf,g〉
∥∥h(z)∥∥2 dμ(z), f, g ∈H.
Hence, by Lemma 8, the function F defined by (24) is a semispectral measure, and
〈
F(X)f,g
〉 (24)=
∫
X∩σp(S∗)∗
〈Pzf,g〉
∥∥h(z)∥∥2 dμ(z)
(28)=
∫
X∩σ (S∗)∗
fˆ (z)gˆ(z)dμ(z)p
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∫
X
VμfVμg dμ(z)
= 〈Eμ(X)Vμf,Vμg〉
= 〈V −1μ Fμ(X)Vμf,g〉, X ∈ B(C), f, g ∈H.
This implies (iv) and (v). Since S = V −1μ SμVμ, F = V −1μ FμVμ and Fμ is a semispectral
measure of Sμ, we deduce that F is a semispectral measure of S (e.g. by using the Bishop–
Foias¸ criterion (3)). As h(z) = 0 and Pz = 0 for all z ∈ σp(S∗)∗, we infer from (iv) that
{z ∈ C: (dF/dμ)(z) = 0} = σp(S∗)∗. This, (23) and Lemma 7 imply that F  μ = μF  F .
As a consequence, we obtain suppF = suppμ. This completes the proof. 
Remarks 13. 1◦ If a cyclic subnormal operator S has a semispectral measure F which is mutually
absolutely continuous with respect to a representing measure μ of S and the weak Radon–
Nikodym derivative dF/dμ exists, then, by Theorem 10, F(C\σp(S∗)∗) = 0, which implies (23).
2◦ Again, as in the case of weighted shift operators, we infer from (24) that {Pz: z ∈ σp(S∗)∗}
is a family of coherent projections with respect to the positive Borel measure ‖h(z)‖2 dμ(z).
What is more, the formula for the weak Radon–Nikodym derivative dF/dμ exhibited in Theo-
rem 12(iv) is independent of the choice of a representing measure μ of S.
3◦ Theorem 1 is a direct consequence of Theorem 12. Indeed, it follows from [37, The-
orem 2.1] that Δ(W) ⊆ σp(W ∗)∗ and thus μ(C \ Δ(W)) = 0 implies μ(C \ σp(W ∗)∗) = 0
(evidently W is a cyclic operator).
7. Examples
Let W be a subnormal weighted shift (cf. Section 1). Combining the description of σp(W ∗)
given in [48, Section 16], the fact that the point spectrum of the closure of W is empty and the
fact that for all T ∈ B(H) and λ ∈ C such that |λ| = ‖T ‖, λ ∈ σp(T ) if and only if λ¯ ∈ σp(T ∗)
(cf. [53, Proposition I.3.1]), we get
σp(W
∗) =
{ {z ∈ C: |z| < ‖W‖} if W is bounded,
C if W is unbounded. (29)
Moreover, again by [48, Section 16], we have
rn(z) = 1‖Wne0‖z
n, z ∈ C, n = 0,1, . . . . (30)
The assumption (23) of Theorem 12 may not be fulfilled by bounded subnormal weighted
shifts (recall that in this particular case a representing measure μ of W and a semispectral mea-
sure F of W are uniquely determined).
Example 14. The Hardy shift W (which is the operator of multiplication by the independent
variable z in the Hardy space H 2) is an isometric shift whose representing measure μ is precisely
the normalized Lebesgue measure on the circle {z ∈ C: |z| = 1}. Since, by (29), σp(W ∗) =
{z ∈ C: |z| < 1}, we see that μ(C \ σp(W ∗)∗) = μ(C) = 1. In view of (22) and Theorem 10(ii),
F does not have a weak Radon–Nikodym derivative with respect to μ, though F  μ.
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dent variable z in the Bergman space A2) is a subnormal weighted shift of norm one with
weights wn =
√
n+1
n+2 . Its representing measure μ is the normalized planar Lebesgue measure
on the disc {z ∈ C: |z|  1}. Thus, by (29), σp(W ∗) = {z ∈ C: |z| < 1}, which implies that
μ(C \ σp(W ∗)∗) = 0.
Contrary to the bounded case, unbounded subnormal weighted shifts always satisfy the as-
sumption (23) of Theorem 12 (because, by (29), σp(W ∗) = C). The creation operator is an
example of an unbounded subnormal weighted shift which has only one representing measure μ
and only one semispectral measure F (because it has a dense set of analytic vectors). By Theo-
rem 12, F has a weak Radon–Nikodym derivative with respect to μ. We show that the minimal
spectral dilation of F does not have a weak Radon–Nikodym derivative with respect to μ.
Example 16. Let W be the weighted shift with weights wn =
√
n+ 1 (this is the creation oper-
ator). Recall that σp(W ∗) = C, ‖h(z)‖2 = e|z|2 for z ∈ C, and dμ(z) = (1/π)e−|z|2 dρ(z), where
ρ is the planar Lebesgue measure (cf. [37]). Set
dν(z) = ∥∥h(z)∥∥2 dμ(z) = (1/π)dρ(z).
Let F be a semispectral measure of W . Since F is unique, we infer from Theorem 12 that
F  ν and (dF/dν)(z) = Pz for all z ∈ C. It is also clear that Eμ  ν  Eμ, where Eμ is the
spectral measure defined by (21). Suppose that, contrary to our claim, the weak Radon–Nikodym
derivative Q = dEμ/dν exists. One can construct a sequence {fn}∞n=1 ⊆ L2(μ) such that fn → 0
in L2(μ) and
μ
({
z ∈ C: fn(z) → 0
})= 0.
Then, by (21), we have
∫
X
fn dμ =
〈
Eμ(X)fn,1
〉=
∫
X
〈
Q(z)fn,1
〉
dν(z), X ∈ B(C), n 1.
This implies that there exists a Borel set Y ⊆ C such that μ(C \ Y) = 0 and
fn(z) =
〈
Q(z)fn,1
〉
e|z|2 , n 1, z ∈ Y.
Hence fn(z) → 0 for every z ∈ Y , which is a contradiction.
Example 17. Yet another example of an unbounded subnormal weighted shift appeared in [52]
(see also [3] for the necessary technicalities). The weighted shift W constructed there pos-
sesses two representing measures μ1 and μ2, the first of which is mutually absolutely contin-
uous with respect the planar Lebesgue measure, while the other one is concentrated on the set
Λ = ⋃n∈Z{z ∈ C: |z| = rn}, where {rn}n∈Z is a sequence of positive real numbers such that
limn→∞ rn = 0 and limn→∞ r−n = ∞ (in fact, suppμ2 = Λ). In this way, we obtain two semi-
spectral measures of W none of which is absolutely continuous with respect to the other.
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Theorem 12 from given ones. We refer the reader to [48, Theorem 10 and Corollary 14] for other
examples of such operators. Applying our general scheme from Example 18 to an appropriate
subnormal weighted shift W , one can show that the assumption (ii) of [48, Corollary 14] is
superfluous if the cyclic operator in question is unbounded (consult [48, Remark 4]).
Example 18. Let S be an unbounded cyclic subnormal operator S in an infinite-dimensional
complex Hilbert space H with a representing measure μ. Assume that
σp(S
∗) = C, (31)
the function z → Kr (z, z) is locally bounded on C, (32)
where Kr is as in (18) and r = {rn}∞n=0 is as in (17). Then, by [48, Lemma 3], the reproducing
kernel Hilbert spaceHr consists of entire functions on C. According to Theorem 12, the operator
Ur :H→Hr given by (25) is unitary. It follows from (25), (26) and (31) that Urf = Vμf a.e.
[μ] for every f ∈H. This implies that
P 2(μ) = {[f ]μ: f ∈Hr}, ‖f ‖2Hr =
∫
C
|f |2 dμ for f ∈Hr , (33)
(
f ∈Hr and f = 0 a.e. [μ]
) ⇒ f = 0, (34)
where [f ]μ is the equivalence class of f with respect to the equivalence “a.e. [μ].” Therefore, we
can identify Hr with P 2(μ) (however, it is not clear whether the implication [f ]μ ∈ P 2(μ) ⇒
f ∈Hr is true for each entire function f on C). The reproducing property of Hr and (33) lead
to
∣∣f (z)∣∣2 Kr (z, z)
∫
C
|f |2 dμ, f ∈Hr , z ∈ C. (35)
Let μ˜ be a positive Borel measure on C such that
∫
C
|p|2 dμ˜ < ∞ for every p ∈ C[z]. Suppose
that μ is absolutely continuous with respect to μ˜ and the Radon–Nikodym derivative dμ/dμ˜ is
μ˜-essentially bounded. Since
∫
C
|f |2 dμ c ∫
C
|f |2 dμ˜ for every complex Borel function on C,
where c = ‖dμ/dμ˜‖L∞(μ˜), we deduce that the mapping
T :P 2(μ˜)  [f ]μ˜ → [f ]μ ∈ P 2(μ) (36)
is well-defined, linear and continuous (consequently dimP 2(μ˜) = ∞). Let Sμ˜ be the operator of
multiplication by the independent variable z in P 2(μ˜) with D(Sμ˜) = {[p]μ˜: p ∈ C[z]}. Similarly,
we define Sμ. Clearly, Sμ˜ and Sμ are cyclic subnormal operators with cyclic vectors [1]μ˜ and [1]μ
and representing measures μ˜ and μ, respectively. It is plain that T ([1]μ˜) = [1]μ and T Sμ˜ ⊆ SμT .
By the unitary equivalence of S and Sμ and [48, Proposition 12], this leads to
C
(31)= σp(S∗) = σp
(
S∗μ
)⊆ σp(S∗),μ˜
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ducing kernel of Sμ˜ is locally bounded on C × C. This, Theorem 12 and the discussion in the
previous paragraph imply that the subnormal operator Sμ˜ has an analytic model and P 2(μ˜) is a
reproducing kernel Hilbert space composed of entire functions on C sharing the properties (33)
and (34) (with μ˜ and Hr˜ in place of μ and Hr , respectively).
Consider now an unbounded subnormal weighted shift W . By (30), we have
Kr (z,w)
(18)=
∞∑
n=0
1
‖Wne0‖2 (z¯w)
n, z,w ∈ C, (37)
which implies that the kernel Kr is continuous. As a consequence, S = W satisfies both con-
ditions (31) and (32). We choose a rotation invariant representing measure of W (this is al-
ways possible, cf. [48, Section 16]). Let θ be a positive Borel measure on [0,∞) such that
‖Wne0‖2 =
∫∞
0 r
2n dθ(r) for all integers n 0. Then the positive Borel measure μ defined by
μ(σ) = 1
2π
2π∫
0
∞∫
0
χσ
(
reit
)
dθ(r)dt, σ ∈ B(C), (38)
is a representing measure of W . Moreover, the following two conditions hold:
P 2(μ) = A2(μ) :=
{
[f ]μ: f is entire on C and
∫
C
|f |2 dμ< ∞
}
, (39)
if f is an entire function on C and f = 0 a.e. [μ], then f = 0. (40)
This fact was proved in [19,20] under some restriction on μ. We sketch a short proof of it avoiding
this difficulty. If f is an entire function on C with the power series expansion f (z) =∑∞n=0 anzn,
z ∈ C ({an}∞n=0 ⊆ C), then an application of the Lebesgue monotone convergence theorem (for
measures and series) leads to
∫
C
∣∣f (z)∣∣2 dμ(z) = lim
N→∞
∫
|z|N
∣∣f (z)∣∣2 dμ(z)
= lim
N→∞ limM→∞
M∑
k,l=0
aka¯l
∫
|z|N
zkz¯l dμ(z)
(38)= lim
N→∞
∞∑
k=0
|ak|2
N∫
0
r2k dθ(r)
=
∞∑
k=0
|ak|2
∞∫
0
r2k dθ(r)
=
∞∑
|ak|2
∥∥Wke0∥∥2.k=0
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unitary space A2(μ) (a subspace of L2(μ)) and the Hilbert space 2 (its surjectivity follows from
the Cauchy–Schwarz inequality in 2 and (37)). Thus, A2(μ) is a Hilbert space and analytic
polynomials are dense in A2(μ). As a consequence, we see that P 2(μ) = A2(μ).
Let W , Kr and μ be as in the previous paragraph (see (37) and (38)). Suppose that μ′ is a posi-
tive Borel measure on C such that
∫
C
|p|2 dμ′ < ∞ for every p ∈ C[z], and ∫
C
Kr(z, z)dμ′(z) <
∞ (this is the case if suppμ′ is compact because Kr is continuous). It is plain that μ is absolutely
continuous with respect to μ˜ := μ + μ′ and ‖dμ/dμ˜‖L∞(μ˜)  1. Hence μ˜ fits into our general
scheme. It follows from (39), (33) and (40) that an entire function f on C belongs to Hr if and
only if
∫
C
|f |2 dμ< ∞. This and (35) imply that for every entire function f on C,
∫
C
|f |2 dμ˜ =
∫
C
|f |2 dμ+
∫
C
|f |2 dμ′ 
(
1 +
∫
C
Kr (z, z)dμ′(z)
)∫
C
|f |2 dμ. (41)
Therefore, if f is an entire function on C, then [f ]μ˜ ∈ A2(μ˜) if and only if [f ]μ ∈ A2(μ) or
equivalently if f ∈Hr . It is a direct consequence of (40) that
if f is an entire function on C and f = 0 a.e. [μ˜], then f = 0.
We now show that
P 2(μ˜) = A2(μ˜).
It follows from our general scheme that P 2(μ˜) ⊆ A2(μ˜). If f is an entire function on C such that
[f ]μ˜ ∈ A2(μ˜), then [f ]μ ∈ A2(μ) and, by (39), [f ]μ ∈ P 2(μ). Hence there exists a sequence
{pn}∞n=1 ⊆ C[z] tending to f in L2(μ). By (41), this implies that [f ]μ˜ ∈ P 2(μ˜). It follows
from (41) that the operator T defined by (36) is a linear homeomorphism between P 2(μ˜) and
P 2(μ). Since evidently T Sμ˜ = SμT (now Sμ and Sμ˜ correspond to S = W ), the operators W and
Sμ˜ are similar. However, in general, the operator Sμ˜ is not a weighted shift. To see this, consider
a probability Borel measure μ′ on C such that suppμ′ is a compact subset of (0,∞). Plainly, the
measure μ′ fits into our scope. Since for all nonnegative integers m = n,
〈
Smμ˜
([1]μ˜), Snμ˜([1]μ˜)〉 =
∫
C
zmz¯n dμ(z)+
∫
C
zmz¯n dμ′(z)
(1)=
∫
(0,∞)
xm+n dμ′(x) (inf suppμ′)m+n > 0,
we deduce that Sμ˜ is not a weighted shift (note that by [48, Lemma 1] any other cyclic vector of
Sμ˜ must be a scalar multiple of [1]μ˜).
We conclude the paper with an example of an unbounded cyclic subnormal operator satisfying
the assumptions of Theorem 12 which is not similar to a subnormal weighted shift.
I.B. Jung, J. Stochel / Journal of Functional Analysis 255 (2008) 1797–1816 1815Example 19. The closed cyclic3 subnormal operator S constructed in [45, Example 9.2] is the
orthogonal sum of the Bergman shift and an unbounded cyclic normal operator with the discrete
spectrum Ω = {2 + 2kπ i: k ∈ Z}. It is plain that σp(S∗)∗ = D ∪Ω , where D = {z ∈ C: |z| < 1}.
Hence σ(S) = σp(S∗)∗. The representing measure μ of S is given by
μ(X) = μD(X ∩ D)+μΩ(X ∩Ω), X ∈ B(C),
where μD is the planar Lebesgue measure on D and μΩ is a certain positive Borel measure on C
such that suppμΩ = Ω . This implies that suppμ = σ(S) and μ(C \ σp(S∗)∗) = 0, which means
that S satisfies the assumptions of Theorem 12. It is worth mentioning that the operator S is not
quasi-similar to a hyponormal weighted shift because the spectra of quasi-similar hyponormal
operators are equal (see [13] and [39, Theorem 3.3]) and the spectrum of a weighted shift is
rotation invariant which is not the case for S.
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